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ABSTRACT

An important class of image data sets depict an object un-
dergoing deformation. When there are only a few underlying
causes of the deformation, these images have a natural low-
dimensional structure which can be parameterized using man-
ifold learning. This paper presents a method to solve for the
deformation field as a function of the manifold coordinates —
implicitly optimizing the deformation between all pairs of im-
ages simultaneously. Additionally, we provide a mechanism
to create images for arbitrary coordinates of the manifold, ad-
dressing an important limitation of manifold learning algo-
rithms for the case of images related through deformations.
We give quantitative results in an artificial image morphing
example and illustrate the method by finding the deformations
relating all images of a cardiopulmonary MR image sequence.

Index Terms— Image processing, Interpolation, Biomed-
ical image processing

1. INTRODUCTION

Typical biomedical image sets, such as the sample heart MR
frames shown in Figure 1, suffer from poor resolution both
spatially and temporally. Improvements in the imaging appa-
ratus and protocols have helped to mitigate these problems,
but current diagnostic biomedical images and videos are still
of low quality. In this work, we describe a method for biomed-
ical image deformation analysis which incorporates all of the
video data simultaneously in order to facilitate inter-image
interpolation and de-noising. This method exploits the low-
dimensional manifold structure of a set of images.

Image manifolds have been shown to be useful represen-
tation tools for such varied input as MRI sequences, facial im-
ages, and animation data. However, a key limitation to mani-
fold analysis of images in many applications is the lack of pro-
jection functions from the low-dimensional embedding space
back to image space for samples not in the original training
set. There has been some work on this problem, in the gen-
eral case, where linear interpolation of nearby images is per-
formed using generalized radial basis functions [1]. However,
these function approximation methods do not generalize to
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Fig. 1. Sample frames from a heart MR sequence and the 2D
Isomap embedding from this sequence. Images with similar
y-coordinates arise from similar parts of the heartbeat cycle;
images with similar x-coordinates arise from similar parts of
the breathing cycle. Our work characterizes image deforma-
tions in terms of these manifold coordinates.

approximating image manifolds where the major cause of im-
age change is non-rigid deformation. In this work we seek to
integrate explicit models of image deformation with manifold
representations of image data sets.

In the next section, we review general methods for dimen-
sionality reduction and some of their limitations. Section 3
describes models of image deformation and how to solve for
them in the context of an image manifold. We then discuss
interpolating images on this manifold and show results in in
Section 5.

2. RELATED WORK

Classical dimensionality reduction techniques rely on Princi-
pal Component Analysis (PCA) [2] and Independent Com-
ponent Analysis (ICA) [3]. These methods seek to represent
data as linear combinations of a small number of basis vec-
tors. However, natural image sets, specifically biomedical
images, tend to vary due to variation in pose or shape de-
formations, which are very poorly approximated by changes
in linear basis functions.

Such problems have led to a number of methods (typi-
fied by Isomap [4] and LLE [5]) which parameterize data sets
drawn from low-dimensional nonlinear manifolds. These al-
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gorithms work well for general manifold learning, but do not
have the desirable quality of PCA for “back projection” analy-
sis. These unsupervised algorithms return a mapping of input
data points (or images) to low-dimensional coordinates rather
than a function from the low-dimensional space to the original
input (image) space. The next section introduces our method
to solve this problem for a certain class of image manifolds
by integrating manifold learning with models of local image
deformation.

3. A MANIFOLD OF DEFORMATION FIELDS

We seek to build a parametric representation of the defor-
mation fields which characterize the image variation on the
manifold. In this section, we describe the free-form defor-
mation (FFD) [6] model, then illustrate how to describe an
image manifold using a parameterized model of image de-
formations. Finally we use this model to reconstruct images
corresponding to arbitrary points on the manifold.

3.1. Deformation Model

Using the FFD model, the resulting deformations can be writ-
ten as the 2D tensor product of standard one-dimensional cu-
bic B-splines:

3
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where ® denotes a n, x n, lattice of control points which
parameterize the FFD, ¢, j denote the indices of the control
points, and Z, y represent the relative positions of x, y in lat-
tice coordinates (i.e. relative to the B-spline control point
grid).

Commonly, when optimizing the FFD deformation to fit
noisy image data, it is important to impose a smoothness term
to prevent artifacts such as folding. A common smoothing
term is:
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Since global transformation can still be represented by a
rigid or affine transformation of the control lattice of FFD, we

simply use FFD to model the transformation f between two
images.

3.2. Integrating Manifold Constraints

Manifold learning algorithms provide an automated tool to
parameterize data sets, in our case, images, in terms of the
variations introduced by a small number of causes. In this
section, we propose a method to solve for deformation fields
in all images of the data set simultaneously. This offers a

powerful new constraint by penalizing variation in the FFD
relative to nearby images in the manifold.

We illustrate the algorithm on an image set which varies
due to two main causes. We use Isomap to automatically pa-
rameterize all images and obtain u and v, the 2D image man-
ifold coordinates. The deformation fields on the manifold are
also a function of v and v, and our goal is to describe these
deformation fields explicitly by a set of FFD control points.
Figure 1 shows example images and the Isomap embedding
of a 100 frame cardiopulmonary image data set, for which the
image changes are caused by the heart beating and breathing
of the patient.

Given such an image data set Z = {Iy,Io, - ,Ix} the
transformation between any image I; and the reference image
L.cs is denoted by a transformation f;. This transformation
is the FFD transformation described in the last section and
defined by the motion of n;, X n, lattice of control points:
®; = {bi,1, di2, ~* s Dingn,}- The set @ contains all of
the control points in all images, where ¢; ; is the j-th control
point in the ¢-th image. However, image ¢ is associated with
manifold coordinates (u;,v;), so we can express these con-
trol points as a function of the manifold coordinates (u;, v;).
We do this with another FFD to express the variation of the
j-th control point as a function of the manifold coordinates
(u, v). We parameterize this FFD with variables ©;, and there
is one such FFD for each control point used to define the im-
age warps.

Summarizing, we express the transformation of image 7 as
a function F(u;, v;). In order to express a transformation, F
describes the process of creating image warping FFD control
points as {O1 (u;,v;), O2(ui, v5), ... Onyn, (ui,vi)}. These
control points define the warp for image 7. The only free
variables in this system are the parameters of the mapping
©; between manifold coordinates and the control point posi-
tions. Thus, to solve for the deformation fields, we minimize
the following joint energy functional, over the set Z of all NV
images, with respect to © (which affects the F term):

N
E[Z,Lepi Fl =Y DT Tep] + AS[F(us,v:)] (3)
=1

where D measures the error between image I warped accord-
ing to the manifold coordinates and the reference image (us-
ing SSD, correlation or mutual information), A is a weighting
parameter and the second term corresponds to the regularizer
defined as:
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Fig. 2. An artificial data set constructed by composing two
deformations (illustrated on the left), a non-rigid variation and
arigid translation. Eight sample frames are shown on the right

where 7y is a weighting parameter. The regularizer (the corol-
lary to Equation 2 in the single image case) ensures the smooth-
ness of the deformation fields. The first term constrains the
transformation between images to be smooth, while the sec-
ond term penalizes the large local variations of control points
® on manifold space.

The optimal deformation fields are found using gradient
decent minimization of Equation 3 with respect to ©. To
avoid the high computation cost associated with the transfor-
mation complexity required to capture the deformation fields,
one can use a multi-resolution approach [7] in which the res-
olution of the control points mesh ® increases along with the
image resolution, in a coarse-to-fine manner.

4. INTERPOLATION ON AN IMAGE MANIFOLD

Once manifold deformation fields F are obtained, we can cal-
culate the transformation of any image on the manifold with
respect to the reference image. Given two images I, and I,
as well as their associated transformation functions f,, and f,
respectively, we can approximate the transformation f, ; be-
tween these two images by computing the thin-plate spline [8]

on image point position correspondences { f,(z, y) < fq(z,v)}.

Now, given a query point p on the image manifold, we
want to approximate its associated image I,,. The approxi-
mation ip can be obtained, in a straightforward manner, by
transforming the image I; closest on the manifold to position
p, that is ip = Ifc “?_ To reduce the bias introduced by trans-

forming a single image, one could consider ip as a weighted
sum of images transformed from neighbors by using natural
neighbor interpolation [9]

=Y wip) 1 )

where w;(p) is the natural neighbor coordinate of image I,
with respect to the image I;.

5. EXPERIMENTAL RESULTS

We examine our approach on artificially generated data, for
which we control the deformation parameters. We also test
this method on a noisy cardiopulmonary MRI sequence. All

Fig. 3. Results on the artificial “star” data set. (lst row)
Ground truth results. (2nd row) Results by directly interpo-
lating between natural neighbors. (3rd row) Results using our
method.

Method SSD NMI
Direct 0.90£0.42 1.80+0.048
Our Method 0.37 +£0.12 1.91 +£0.013

Table 1. Comparison for artificial “star” data set experiment
between natural neighbor interpolation and our method. Our
method improves both the SSD error measure, and the NMI
similarity measure. Each cell shows the mean and variance
over all of the images.

of the experiments were initialized with the same set of pa-
rameters. The computation of deformation fields is performed
in a multi-resolution fashion by successive refinement of the
FFD F(u;,v;) using control points resolutions of 4 x 4, 7 x 7
and finally 13 x 13. The resolution of the FFD F; controlling
image control points is kept as 5 x 5.

We generated an artificial 100-frame data set by defining
a shape and deforming it using a non-rigid deformation and a
rigid translation. Thus, this data set has a 2D manifold struc-
ture, indexed by the magnitude of each deformation. The two
deformations and eight sample frames of this data set are de-
picted in Figure 2. After learning the image manifold coor-
dinates, the images on the convex hull on the manifold were
chosen as the training image set. The goal was to reconstruct
the remaining images from the data set.

To assess the quality of the interpolation results, we cal-
culated the mean and variance of the SSD between the ground
truth and the reconstructed images:

1 )2
SSD; = > (e — 1) (6)
where n is the number of pixels on the image. Additionally,
we compute the normalized mutual information (NMI) [10].
The large image changes make this a challenging data set
for standard image interpolation techniques. The top row of
Figure 3 gives results for direct natural neighbor interpola-
tion on the image manifold. We show the results of using
our method in the second row. The SSD and NMI measures
shown in Tables 1 show the increased performance of our
method versus the direct method.
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Fig. 4. Two examples of a series of images, and the deforma-
tion fields computed using the manifold constraints. The top
row shows the expansion during a heart beat; the bottom row
shows the dominant translation due to breathing.

We also tested our proposed algorithm on the heart MR
sequence depicted in Figure 1. Figure 4 shows examples of
two sets of deformation fields. The top half shows three defor-
mation fields relating four images along a vertical strip of the
cardiopulmonary image manifold which roughly corresponds
to variations in the heartbeat cycle, but not the breathing cy-
cle. The bottom half shows images and deformation fields
corresponding to a images that are translated due to breath-
ing. Finally, Figure 5 shows the results of interpolating an
image for the manifold coordinates corresponding to a given
image, illustrating its de-noising properties.

6. CONCLUSIONS

This paper integrates tools for manifold learning with stan-
dard models of image deformation. For image sets such as
cardiopulmonary MR data, using this manifold structure reg-
ularizes the solution to the deformation fields relating all im-
ages. Better deformation fields offer diagnostic value in mea-

suring heart volume and dynamics and support image de-noising.

Furthermore, for the case of image manifolds which vary due
to image deformation, this offers the ability to reconstruct im-
ages for arbitrary manifold positions, lifting an important lim-
itation of nonlinear manifold learning algorithms.

Fig.
fields on the image manifold. On the top row are the original

5. An example of de-noising using learned deformation

images and the bottom row shows the de-noising possible by
correctly warping the nearby images.
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